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𝑎1𝑥1 + 𝑎2𝑥2 +⋯+ 𝑎𝑛𝑥𝑛 = 𝑏 ,
𝑎1, 𝑎2, … , 𝑎𝑛 , 𝑏 𝑥1, 𝑥2, … , 𝑥𝑛
𝑥1, 𝑥2, … , 𝑥𝑛 ∶
{
 
 
 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
⋮
𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 + 𝑎𝑚3𝑥3 +⋯+ 𝑎𝑚𝑛𝑥𝑛 = 𝑏𝑚
𝐴𝑥 = 𝑏 ∶
(
𝑎11 𝑎12 … 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2𝑛
⋮ ⋮ ⋱ ⋮
𝑎𝑚1 𝑎𝑚2 … 𝑎𝑚𝑛
)(
𝑥1
𝑥2
⋮
𝑥𝑚
) = (
𝑏1
𝑏2
⋮
𝑏𝑚
) ,
𝐴 𝑥 𝑏
(
𝑎11 𝑎12 … 𝑎1𝑛 𝑏1
𝑎21 𝑎22 … 𝑎2𝑛 𝑏2
⋮ ⋮ ⋱ ⋮ ⋮
𝑎𝑚1 𝑎𝑚2 … 𝑎𝑚𝑛 𝑏𝑛
).
𝐴 ∈ ℝ𝑛×𝑛 𝑏 ∈ ℝ𝑛
𝐴𝑥 = 𝑏 𝑥 = 𝐴−1𝑏
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𝑏 𝐼
𝑥 𝐴−1𝑏 𝐴𝑥 = 𝐴(𝐴−1𝑏) =
(𝐴𝐴−1)𝑏 = 𝐼𝑏 = 𝑏 𝐴−1𝑏
𝑦
𝑦 = 𝐴−1𝑏
𝐴𝑦 = 𝑏 ↔
𝐴−1(𝐴𝑦) = 𝐴−1𝑏 ↔
(𝐴−1𝐴)𝑦 = 𝐴−1𝑏 ↔
𝐼𝑦 = 𝐴−1𝑏 ↔
𝑦 = 𝐴−1𝑏 .
∎
𝑛 𝑛
𝐴𝑥 = 𝑏
𝑥 = 𝐴−1𝑏
𝐴−1
𝑥 = 𝐴−1𝑏
𝑆1 𝑆2 𝑆1
𝑆2 𝑆2 𝑆1
𝑆1: {
2𝑥1 + 3𝑥2 = 5
2𝑥1 + 4𝑥2 = 6
𝑆2: {
2𝑥1 + 3𝑥2 = 5
              𝑥2 = 1.
 
𝑆1 {(1,1)} 𝑆2 {(1,1)}
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𝑘 ≠ 0
𝑆
{
 
 
 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛
𝑘 𝑺′
{
  
 
  
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
⋮
𝑘𝑎𝑖1𝑥1 + 𝑘𝑎𝑖2𝑥2 + 𝑘𝑎𝑖3𝑥3 +⋯+ 𝑘𝑎𝑖𝑛𝑥𝑛 = 𝑘𝑏𝑖
⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛 .
𝑥 = {𝛼1, 𝛼2, 𝛼3, … , 𝛼𝑛} 𝑥
𝑘𝑎𝑖1𝑥1 + 𝑘𝑎𝑖2𝑥2 + 𝑘𝑎𝑖3𝑥3 +⋯+ 𝑘𝑎𝑖𝑛𝑥𝑛 = 𝑘𝑏𝑖  , 𝑖 ∈ {1,2, … , 𝑛}
𝑥
𝑎𝑖1𝛼1 + 𝑎𝑖2𝛼2 + 𝑎𝑖3𝛼3 +⋯+ 𝑎𝑖𝑛𝛼𝑛 = 𝑏𝑖  , 𝑖 ∈ {1,2,… , 𝑛}
𝑘𝑎𝑖1𝛼1 + 𝑘𝑎𝑖2𝛼2 + 𝑘𝑎𝑖3𝛼3 +⋯+ 𝑘𝑎𝑖𝑛𝛼𝑛 = 𝑘(𝑎𝑖1𝛼1 + 𝑎𝑖2𝛼2 + 𝑎𝑖3𝛼3 +⋯+ 𝑎𝑖𝑛𝛼𝑛).
𝑘𝑎𝑖1𝛼1 + 𝑘𝑎𝑖2𝛼2 + 𝑘𝑎𝑖3𝛼3 +⋯+ 𝑘𝑎𝑖𝑛𝛼𝑛 = 𝑘(𝑎𝑖1𝛼1 + 𝑎𝑖2𝛼2 + 𝑎𝑖3𝛼3 +⋯+ 𝑎𝑖𝑛𝛼𝑛) = 𝑘𝑏𝑖 .
𝒙
1/𝑘.
∎
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𝑆
{
 
 
 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛
𝑘
𝑺′
{
  
 
  
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
⋮
(𝑎𝑗1 + 𝑘𝑎𝑖1)𝑥1 + (𝑎𝑗2 + 𝑘𝑎𝑖2)𝑥2 + (𝑎𝑗3 + 𝑘𝑎𝑖3)𝑥3 +⋯+ (𝑎𝑗𝑛 + 𝑘𝑎𝑖𝑛)𝑥𝑛 = 𝑏𝑗 + 𝑘𝑏𝑖
⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛
𝑥 = {𝛼1, 𝛼2, 𝛼3, … , 𝛼𝑛}
𝑥 𝑥
(𝑎𝑗1 + 𝑘𝑎𝑖1)𝑥1 + (𝑎𝑗2 + 𝑘𝑎𝑖2)𝑥2 + (𝑎𝑗3 + 𝑘𝑎𝑖3)𝑥3 +⋯+ (𝑎𝑗𝑛 + 𝑘𝑎𝑖𝑛)𝑥𝑛 = 𝑏𝑗 + 𝑘𝑏𝑖
𝑥 
𝑎𝑖1𝛼1 + 𝑎𝑖2𝛼2 + 𝑎𝑖3𝛼3 +⋯+ 𝑎𝑖𝑛𝛼𝑛 = 𝑏𝑖
𝑎𝑗1𝛼1 + 𝑎𝑗2𝛼2 + 𝑎𝑗3𝛼3 +⋯+ 𝑎𝑗𝑛𝛼𝑛 = 𝑏𝑖  .
(𝑎𝑗1 + 𝑘𝑎𝑖1)𝛼1 + (𝑎𝑗2 + 𝑘𝑎𝑖2)𝛼2 + (𝑎𝑗3 + 𝑘𝑎𝑖3)𝛼3 +⋯+ (𝑎𝑗𝑛 + 𝑘𝑎𝑖𝑛)𝛼𝑛 =
𝑎𝑗1𝛼1 + 𝑘𝑎𝑖1𝛼1 + 𝑎𝑗2𝛼2 + 𝑘𝑎𝑖2𝛼2 + 𝑎𝑗3𝛼3 + 𝑘𝑎𝑖3𝛼3 +⋯+ 𝑎𝑗𝑛𝛼𝑛 + 𝑘𝑎𝑖𝑛𝛼𝑛 =
(𝑎𝑗1𝛼1 + 𝑎𝑗2𝛼2 + 𝑎𝑗3𝛼3 +⋯+ 𝑎𝑗𝑛𝛼𝑛) + 𝑘(𝑎𝑖1𝛼1 + 𝑎𝑖2𝛼2 + 𝑎𝑖3𝛼3 +⋯+ 𝑎𝑖𝑛𝛼𝑛) .
(𝑎𝑗1𝛼1 + 𝑎𝑗2𝛼2 +⋯+ 𝑎𝑗𝑛𝛼𝑛) + 𝑘(𝑎𝑖1𝛼1 + 𝑎𝑖2𝛼2 +⋯+ 𝑎𝑖𝑛𝛼𝑛) = 𝑏𝑗 + 𝑘𝑏𝑖 .
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𝑥
∎
𝐴𝑥 = 𝑏 𝐴 ∈ ℝ𝑛×𝑛 , 𝑥, 𝑏 ∈ ℝ𝑛
𝐴′𝑥 = 𝑏′ 𝐴𝑥 = 𝑏
𝐴𝑥 = 𝑏
• 
• 
• 
𝐴′𝑥 = 𝑏′ 𝐴𝑥 = 𝑏
∎
{
 
 
 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛 ,
𝑎𝑖𝑗 = 0 ∀ 𝑖 > 𝑗
{
 
 
 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
                𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
                                𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
⋮
                                                          𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛 .
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𝑥𝑛 =
𝑏𝑛
𝑎𝑛𝑛
 .
𝑥𝑛−1 =
𝑏𝑛−1 − 𝑎𝑛−1,𝑛 𝑥𝑛
𝑎𝑛−1,𝑛−1
 .
𝑥𝑖 =
𝑏𝑖 −∑   𝑎𝑖 𝑘 𝑥𝑘
𝑛
𝑘=𝑖+1
𝑎𝑖 𝑖
 .
𝑎𝑖𝑖 ≠ 0 𝑖 = 1,2, . . . , 𝑛 det(𝐴) = ∏ 𝑎𝑖𝑖
𝑛
𝑖=1  𝐴
∎
{
𝑥1 − 𝑥2 + 3𝑥3 = 8
        2𝑥2 +   𝑥3 = 7
                     2𝑥3 = 6.
𝑥3 = 3 .
𝑥2 =
7 − 𝑥3
2
= 2 .
𝑥1 =
8 − 3𝑥3 + 𝑥2
1
= 1 .
{(1,2,3)}
{
 
 
 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
…
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛 ,
16 
 
 
 
𝑎𝑖𝑗 = 0 ∀ 𝑖 < 𝑗
{
 
 
 
 
𝑎11𝑥1                                                           = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2                                           = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3                           = 𝑏3
…
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛
𝑥1 =
𝑏1
𝑎11
 .
𝑥2 =
𝑏2 − 𝑎21 𝑥1
𝑎22
 .
𝑥𝑖 =
𝑏𝑖 − ∑   𝑎𝑖 𝑘 𝑥𝑘
𝑖−1
𝑘=1
𝑎𝑖 𝑖
 .
𝑎𝑖𝑖 ≠ 0 𝑖 = 1,2, . . . , 𝑛 det(𝐴) = ∏ 𝑎𝑖𝑖
𝑛
𝑖=1  𝐴
∎
{
 2𝑥1                             = 2
 3𝑥1 + 2𝑥2                = 7
  1𝑥1 + 3𝑥2 +  2𝑥3 = 13.
𝑥1 = 1 .
𝑥2 =
7− 3𝑥1
2
= 2 .
𝑥3 =
13 − 1𝑥1 − 3𝑥2
2
= 3 .
17 
 
 
 
{(1,2,3)}
18 
 
 
 
𝐴𝑥 = 𝑏, 𝐴 ∈ ℝ𝑛×𝑛  𝑥, 𝑏 ∈ ℝ𝑛 .         (5)
𝑛 𝑛
𝑛 + 1 𝑛 𝑛 20
21 × 20! × 19
𝑆1 𝑆2
𝑛 × 𝑛 𝐴𝑥 = 𝑏 det(𝐴) ≠ 0
𝑘
𝑥𝑘 𝑘 + 1  𝑘 + 2 … 𝑛
det (𝐴) ≠ 0 𝑎11
𝑎11
𝑘𝑖1 =
𝑎𝑖1
𝑎11
 ,
𝑖 = 2,3,… , 𝑛 𝑥1 ,
𝑘𝑖1
𝐴(1)
19 
 
 
 
det (𝐴) ≠ 0
𝑎22
(1)
𝑎22
(1)
𝑘𝑖2 =
𝑎𝑖2
(1)
𝑎22
(1) 𝑖 = 3,4,5,… , 𝑛
𝑥2, 𝑘𝑖2
𝑛 − 1
𝐴𝑥 = 𝑏 𝐴′𝑥 = 𝑏′
{
2𝑥1 − 3𝑥2 + 4𝑥3 = 4
3𝑥1 − 5𝑥2 + 𝑥3 = 0
4𝑥1 − 7𝑥2 + 3𝑥3 = 1.
(
2 −3 4 4
3 −5 1 0
4 −7 3 1
) .
𝑘21 =
𝑎21
𝑎11
=
3
2
             𝑒               𝑘31 =
𝑎31
𝑎11
=
4
2
= 2. 
𝐿2 ← 𝐿2 − 𝑘21𝐿1            𝑒                  𝐿3 ← 𝐿3 − 𝑘31𝐿1 
(
2 −3 4 4
0 −1/2 −5 −6
0 −1 −5 −7
)
𝑘32 =
𝑎32
(1)
𝑎22
(1)
=
−1
−1/2
= 2.
𝐿3 ← 𝐿3 − 𝑘32𝐿2
20 
 
 
 
(
2 −3 4 4
0 −1/2 −5 −6
0 0 5 5
).
{
2𝑥1 − 3𝑥2 + 4𝑥3 = 4
            −
1
2
𝑥2−5𝑥3 = −6
                            5𝑥3 = 5.
𝑥3 = 1 .
𝑥2 =
−6+ 5𝑥3
−1/2
= 2 .
𝑥1 =
4 − 4𝑥3 + 3𝑥2
2
= 3 .
{(3,2,1)} .
𝑛 × 𝑛 (4𝑛3 + 3𝑛2 − 7𝑛)/6
𝑛2
(4𝑛3 + 9𝑛2 − 7𝑛)/6
(𝑛 + 1)!
21 
 
 
 
{
2𝑥1 − 3𝑥2 + 4𝑥3 = 4
3𝑥1 − 5𝑥2 + 𝑥3 = 0
4𝑥1 − 7𝑥2 + 3𝑥3 = 1.
{
4𝑥1 − 7𝑥2 + 3𝑥3 = 1
3𝑥1 − 5𝑥2 + 𝑥3 = 0
2𝑥1 − 3𝑥2 + 4𝑥3 = 4.
(
4 −7 3 1
3 −5 1 0
2 −3 4 4
) .
𝑘21 =
𝑎21
𝑎11
=
3
4
              𝑒                      𝑘31 =
𝑎31
𝑎11
=
2
4
.
𝐿2 ← 𝐿2 − 𝑘21𝐿1              𝑒                    𝐿3 ← 𝐿3 − 𝑘31𝐿1 
(
4 −7 3 1
0 1/4 −5/4 −3/4
0 1/2 5/2 7/2
).
1/4 1/2
1/2
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(
4 −7 3 1
0 1/2 5/2 7/2
0 1/4 −5/4 −3/4
).
𝑘32 =
𝑎32
(1)
𝑎22
(1)
=
1/4
1/2
= 1/2.
𝐿3 ← 𝐿3 − 𝑘32𝐿2
(
4 −7 3 1
0 1/2 5/2 7/2
0 0 −5/2 −5/2
).
{
 
 
 
 
4𝑥1 − 7𝑥2 + 3𝑥3 = 1
            
1
2
𝑥2−
5
2
𝑥3 =
7
2
                   
5
2
𝑥3 = −
5
2
.
𝑥3 = 1 .
𝑥2 =
7/2 + (5/2)𝑥3
1/2
= 2 .
𝑥1 =
1 − 3𝑥3 + 7𝑥2
4
= 3 .
{(3,2,1)} .
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{
2𝑥1 − 3𝑥2 + 4𝑥3 = 4
3𝑥1 − 5𝑥2 + 𝑥3 = 0
4𝑥1 − 7𝑥2 + 3𝑥3 = 1.
−7
{
4𝑥1 − 7𝑥2 + 3𝑥3 = 1
3𝑥1 − 5𝑥2 + 𝑥3 = 0
2𝑥1 − 3𝑥2 + 4𝑥3 = 4.
{
−7𝑥2 + 4𝑥1 + 3𝑥3 = 1
−5𝑥2 + 3𝑥1 + 𝑥3 = 0
−3𝑥2 + 2𝑥1 + 4𝑥3 = 4.
(
−7 4 3 1
−5 3 1 0
−3 2 4 4
) .
𝑘21 =
𝑎21
𝑎11
=
−5
−7
=
5
7
              𝑒                      𝑘31 =
𝑎31
𝑎11
=
−3
−7
=
3
7
.
𝐿2 ← 𝐿2 − 𝑘21𝐿1             𝑒                     𝐿3 ← 𝐿3 − 𝑘31𝐿1, 
(
−7 4 3 1
0 1/7 −8/7 −5/7
0 2/7 19/7 25/7
) . 
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{
−7𝑥2 + 4𝑥1 + 3𝑥3 = 1
0𝑥2 + (1/7)𝑥1 + (−8/7)𝑥3 = −5/7
0𝑥2 + (2/7)𝑥1 + (19/7)𝑥3 = 25/7.
1/7 −8/7 2/7 19/7
19/7
{
−7𝑥2 + 4𝑥1 + 3𝑥3 = 1
0𝑥2 + (2/7)𝑥1 + (19/7)𝑥3 = 25/7
0𝑥2 + (1/7)𝑥1 + (−8/7)𝑥3 = −5/7.
{
−7𝑥2 + 3𝑥3 + 4𝑥1 = 1
0𝑥2 + (19/7)𝑥3 + (2/7)𝑥1 = 25/7
0𝑥2 + (−8/7)𝑥3 + (1/7)𝑥1 = −5/7.
(
−7 3 4 1
0 19/7 2/7 25/7
0 −8/7 1/7 −5/7
) .
𝑘32 =
𝑎32
(1)
𝑎22
(1)
=
−8/7
19/7
= −8/19.
𝐿3 ← 𝐿3 − 𝑘32𝐿2
(
−7 3 4 1
0 19/7 2/7 25/7
0 0 5/19 15/19
). 
{
 
 
 
 
−7𝑥2 + 3𝑥3 + 4𝑥1 = 1
            
19
7
𝑥3+
2
7
𝑥1 =
25
7
                           
5
19
𝑥1 =
15
19
.
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𝑥1 = 3 .
𝑥3 =
25/7− (2/7)𝑥1
19/7
= 1 .
𝑥2 =
1− 3𝑥3 − 4𝑥1
−7
= 2 .
{(3,2,1)} .
𝐴 ∈ ℝ𝑛×𝑛 𝐴 = 𝐿𝑈 𝐿
𝑈 
(𝐿𝑈)𝑥 = 𝑏 .
𝐿𝑦 = 𝑏                 𝑒                  𝑈𝑥 = 𝑦.
𝐴𝑥 = 𝑏 𝐴 = 𝐿𝑈 
𝑏
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𝐴 = (
𝑎11 𝑎12 … 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2𝑛
⋮ ⋮ ⋱ ⋮
𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑛
)
𝐴 𝑛 − 1 𝐴 
𝐴 = 𝐿𝑈
𝐿 = (
1 0 … 0
𝑘21 1 … 0
⋮ ⋮ ⋱ ⋮
𝑘𝑛1 𝑘𝑛2 … 1
) ,
𝑘𝑖𝑗  
 𝐴 𝑈
𝐴
𝐴 = (
𝑎11 𝑎12 … 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2𝑛
⋮ ⋮ ⋱ ⋮
𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑛
) .
𝐴 
𝑎11 ≠ 0
𝑘21 =
𝑎21
𝑎11
𝑘31 =
𝑎31
𝑎11
𝑘𝑛1 =
𝑎𝑛1
𝑎11
𝐿2 ← 𝐿2 − 𝑘21𝐿1  , 𝐿3 ← 𝐿3 − 𝑘31𝐿1    ,    …    ,   𝐿𝑛 ← 𝐿𝑛 − 𝑘𝑛1𝐿1 .
𝐴(1) =
(
 
 
𝑎11 𝑎12 … 𝑎1𝑛
0 𝑎22
(1)
… 𝑎2𝑛
(1)
⋮ ⋮ ⋱ ⋮
0 𝑎𝑛2
(1)
… 𝑎𝑛𝑛
(1)
)
 
 
.
𝐴
𝐾1 = (
1 0 … 0
−𝑘21 1 … 0
⋮ ⋮ ⋱ ⋮
−𝑘𝑛1 0 … 1
)
𝐴(1) = 𝐾1𝐴 .
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𝑘32 =
𝑎32
(1)
𝑎22
(1) 𝑘42 =
𝑎42
(1)
𝑎22
(1) 𝑘𝑛2 =
𝑎𝑛2
(1)
𝑎22
(1) 𝑎22
(1)
≠ 0 ,
𝐿3 ← 𝐿3 − 𝑘32𝐿2 ,   𝐿4 ← 𝐿4 − 𝑘42𝐿2  ,    …   , 𝐿𝑛 ← 𝐿𝑛 − 𝑘𝑛2𝐿2 .
𝐴(2) =
(
 
 
𝑎11 𝑎12 𝑎13 … 𝑎1𝑛
0 𝑎22
(1)
𝑎23
(1)
… 𝑎2𝑛
(1)
⋮ ⋮ ⋮ ⋱ ⋮
0 0 𝑎𝑛3
(2)
… 𝑎3𝑛
(2)
)
 
 
 .
𝐴(1)
𝐾2 =
(
 
 
1 0 … 0
0 1 … 0
0 −𝑘32 … 0
⋮ ⋮ ⋱ ⋮
0 −𝑘𝑛2 … 1)
 
 
𝐴(2) = 𝐾2𝐴
(1) .
𝑝 𝐴(𝑝−1) 𝐾𝑝 𝐾𝑝
𝑝
𝑝
𝐴(𝑝) = 𝐾𝑝𝐴
(𝑝−1)  , 𝑝 ∈ {1,2,3,… , 𝑛 − 1}
 𝐴(𝑛−1)
𝐴(1) = 𝐾1𝐴 ,
𝐴(2) = 𝐾2𝐴
(1) = 𝐾2(𝐾1𝐴),
𝐴(3) = 𝐾3𝐴
(2) = 𝐾3(𝐾2(𝐾1𝐴)) ,
⋮
𝐴(𝑛−1) = 𝐾𝑛−1𝐴
(𝑛−2) = 𝐾𝑛−2(𝐾𝑛−3(… (𝐾2(𝐾1𝐴))… ).
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(𝐾1)
−1(𝐾2)
−1…(𝐾𝑛−2)
−1𝐴(𝑛−1) = 𝐴
(𝐾1)
−1 (𝐾2)
−1, … , (𝐾𝑛−2)
−1
𝐾1
−1 = (
1 0 … 0
𝑘21 1 … 0
⋮ ⋮ ⋱ ⋮
𝑘𝑛1 0 … 1
)  , 𝐾2
−1 =
(
 
 
1 0 … 0
0 1 … 0
0 𝑘32 … 0
⋮ ⋮ ⋱ ⋮
0 𝑘𝑛2 … 1)
 
 
   , …,
(𝐾1)
−1(𝐾2)
−1…(𝐾𝑛−2)
−1 = (
1 0 … 0
𝑘21 1 … 0
⋮ ⋮ ⋱ ⋮
𝑘𝑛1 𝑘𝑛2 … 1
)     .
𝐴 = (
1 0 … 0
𝑘21 1 … 0
⋮ ⋮ ⋱ ⋮
𝑘𝑛1 𝑘𝑛2 … 1
) 𝐴(𝑛−1)  .    
𝐿 = (
1 0 … 0
𝑘21 1 … 0
⋮ ⋮ ⋱ ⋮
𝑘𝑛1 𝑘𝑛2 … 1
) 𝐴(𝑛−1) = 𝑈   .
𝐴
𝐿
𝑈
∎
{
𝑥1 + 2𝑥2 + 3𝑥3 = 6
𝑥1 + 3𝑥2 + 2𝑥3 = 6
𝑥1 + 5𝑥2 + 𝑥3 = 7.
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𝐴 = (
1 2 3
1 3 2
1 5 1
) .
𝑘21 =
𝑎21
𝑎11
=
1
1
= 1          𝑒            𝑘31 =
𝑎31
𝑎11
=
1
1
= 1 . 
𝐿2 ← 𝐿2 − 𝑘21𝐿1             𝑒                     𝐿3 ← 𝐿3 − 𝑘31𝐿1 
𝐴(1) = (
1 2 3
0 1 −1
0 3 −2
) .
𝑘32 =
𝑎32
(1)
𝑎22
(1)
=
3
1
= 3 .
𝐿3 ← 𝐿3 − 𝑘32𝐿2
𝐴(2) = (
1 2 3
0 1 −1
0 0 1
) .
𝐿 = (
1 0 0
𝑘21 1 0
𝑘31 𝑘32 1
) = (
1 0 0
1 1 0
1 3 1
)  𝑒 𝑈 = (
1 2 3
0 1 −1
0 0 1
) .
𝐿𝑦 = 𝑏 .
(
1 0 0
1 1 0
1 3 1
)(
𝑦1
𝑦2
𝑦3
) = (
6
6
7
)
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(
𝑦1
𝑦2
𝑦3
) = (
6
0
1
) .
𝑈𝑥 = 𝑦 .
(
1 2 3
0 1 −1
0 0 1
)(
𝑥1
𝑥2
𝑥3
) = (
6
0
1
)
(
𝑥1
𝑥2
𝑥3
) = (
1
1
1
) .
𝐴𝑥 = 𝑏
𝐴 = (
1 2 3
4 5 6
7 8 9
) 𝑃 = (
0 0 1
0 1 0
1 0 0
)
𝑃𝐴 = (
0 0 1
0 1 0
1 0 0
)(
1 2 3
4 5 6
7 8 9
) = (
7 8 9
4 5 6
1 2 3
) .
𝐴𝑥 = 𝑏
𝐴′ = 𝑃𝐴
𝑃𝐴𝑥 = 𝑃𝑏
𝐴′ = 𝐿𝑈 𝐿𝑦 = 𝑃𝑏 𝑈𝑥 = 𝑦 .
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{2
𝑥1 + 2𝑥2 + 3𝑥3 = 6
𝑥1 + 3𝑥2 + 2𝑥3 = 6
3𝑥1 + 5𝑥2 + 𝑥3 = 7.
𝐴 = (
1 2 3
2 3 2
3 5 1
) .
𝐴′ = (
3 5 1
2 3 2
1 2 3
)     𝑒      𝑃′ = (
0 0 1
0 1 0
1 0 0
) .
𝑘21 =
𝑎21
𝑎11
=
2
3
          𝑒             𝑘31 =
𝑎31
𝑎11
=
1
3
  . 
𝐿2 ← 𝐿2 − 𝑘21𝐿1             𝑒                     𝐿3 ← 𝐿3 − 𝑘31𝐿1 
𝐴(1) = (
3 5 1
0 −1/3 4/3
0 1/3 8/3
)  .
−1/3
𝑘32 =
𝑎32
(1)
𝑎22
(1)
=
1/3
−1/3
= −1.
𝐿3 ← 𝐿3 − 𝑘32𝐿2 ;
𝐴(2) = (
3 5 1
0 −1/3 4/3
0 0 4
) .
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𝑃 = 𝑃′ = (
0 0 1
0 1 0
1 0 0
) .
𝑃𝑏 = (
0 0 1
0 1 0
1 0 0
)(
6
6
7
) = (
7
6
6
) , 𝐿 =
(
 
 
1 0 0
2
3
1 0
1
3
−1 1
)
 
 
 𝑒 𝑈 = (
3 5 1
0 −1/3 4/3
0 0 4
) .
𝐿𝑦 = 𝑃𝑏
(
 
 
1 0 0
2
3
1 0
1
3
−1 1
)
 
 
(
𝑦1
𝑦2
𝑦3
) = (
7
6
6
)
(
𝑦1
𝑦2
𝑦3
) = (
7
4
3
5
) .
𝑈𝑥 = 𝑦
(
3 5 1
0 −
1
3
4
3
0 0 4
)(
𝑥1
𝑥2
𝑥3
) = (
7
4
3
5
)
(
𝑥1
𝑥2
𝑥3
) =
(
 
 
1
4
1
5
4)
 
 
 .
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ℝ𝑛 {𝑥(𝑘)}
ℝ𝑛 𝑥: ℕ → ℝ𝑛
𝑘 𝑥(𝑘) ∈ ℝ𝑛 
𝑣 = (𝑣1, 𝑣2, … , 𝑣𝑛)
‖𝑣‖ = √𝑣12 + 𝑣22 +⋯+ 𝑣𝑛2.
{𝑥(𝑘)} 𝑎 ∈ ℝ𝑛
lim𝑘→∞ 𝑥
(𝑘) = 𝑎 Ɛ > 0
𝑘0 ∈ ℕ 𝑘 > 𝑘0 → ‖𝑥
(𝑘) − 𝑎‖ < Ɛ
𝑥(𝑘) 𝑥(𝑘−1) 𝑑(𝑘) 
𝑥(𝑘) 𝑥(𝑘−1)
𝑑(𝑘) = max
1≤𝑖≤𝑛
|𝑥𝑖
(𝑘)
− 𝑥𝑖
(𝑘−1)
| .
𝑑𝑟
(𝑘)
=
𝑑(𝑘)
max
1≤𝑖≤𝑛
|𝑥𝑖
(𝑘)
|
 .
𝑟(𝑘)
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𝑟(𝑘) = 𝑏 − 𝐴𝑥(𝑘) .      
‖𝑟(𝑘)‖ 𝐴𝑥(𝑘)
𝑏 max1≤𝑖≤𝑛|𝑟𝑖
(𝑘)
|.
𝐴𝑥 = 𝑏 𝑥 = 𝐶𝑥 + 𝑔
{
 
 
 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
…
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛 .
𝑎𝑖𝑖 ≠ 0 𝑖 = 1,2,3,… , 𝑛
{
 
 
 
 
 
 𝑥1 =
1
𝑎11
(𝑏1 − 𝑎12𝑥2 − 𝑎13𝑥3 −⋯− 𝑎1𝑛𝑥𝑛)
𝑥2 =
1
𝑎22
(𝑏2 − 𝑎21𝑥1 − 𝑎23𝑥3 −⋯− 𝑎2𝑛𝑥𝑛)
⋮
𝑥𝑛 =
1
𝑎𝑛𝑛
(𝑏𝑛 − 𝑎𝑛1𝑥1 − 𝑎𝑛2𝑥2 −⋯− 𝑎𝑛𝑛𝑥𝑛)
𝑥 = (
𝑥1
𝑥2
⋮
𝑥𝑛
) , 𝐶 =
(
 
 
 
 
0
−𝑎12
𝑎11
…
−𝑎1𝑛
𝑎11
−𝑎21
𝑎22
0 …
−𝑎2𝑛
𝑎22
⋮ ⋮ ⋱ ⋮
−𝑎𝑛1
𝑎𝑛𝑛
−𝑎𝑛2
𝑎𝑛𝑛
… 0
)
 
 
 
 
   𝑒   𝑔 =
(
 
 
 
 
 
𝑏1
𝑎11
𝑏2
𝑎22
⋮
𝑏𝑛
𝑎𝑛𝑛)
 
 
 
 
 
 .
𝐴𝑥 = 𝑏 𝑥 = 𝐶𝑥 + 𝑔.
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𝑥(0)
𝑥(𝑘) 𝑥(𝑘) = 𝐶𝑥(𝑘−1) + 𝑔.
{
3𝑥1 + 𝑥2 + 𝑥3 = 7
𝑥1 + 4𝑥2 + 2𝑥3 = 4
0𝑥1 + 2𝑥2 + 5𝑥3 = 5
0,3
𝑥(0) = (
0
0
0
)
{
 
 
 
 𝑥1 =
7 − 𝑥2 − 𝑥3
3
𝑥2 =
4− 𝑥1 − 2𝑥3
4
𝑥3 =
5 − 0𝑥1 − 2𝑥2
5
.
{
  
 
  
 𝑥1
(𝑘)
=
7− 𝑥2
(𝑘−1) − 𝑥3
(𝑘−1)
3
𝑥2
(𝑘)
=
4 − 𝑥1
(𝑘−1) − 2𝑥3
(𝑘−1)
4
𝑥3
(𝑘)
=
5 − 0𝑥1
(𝑘−1) − 2𝑥2
(𝑘−1)
5
 .
𝑘 = 1
{
  
 
  
 𝑥1
(1)
=
7 − 𝑥2
(0) − 𝑥3
(0)
3
=
7 − 0 − 0
3
= 2,3333
𝑥2
(1)
=
4 − 𝑥1
(0) − 2𝑥3
(0)
4
=
4 − 0 − 2 ∙ 0
4
= 1,0000
𝑥3
(1)
=
5 − 0𝑥1
(0) − 2𝑥2
(0)
5
=
5 − 0 ∙ 0 − 2 ∙ 0
5
= 1,0000
𝑑𝑟
(1)
=
𝑑(1)
max
1≤𝑖≤3
|𝑥𝑖
(1)
|
= 1.
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𝑘 = 2
{
  
 
  
 𝑥1
(2)
=
7 − 𝑥2
(1) − 𝑥3
(1)
3
=
7 − 1 − 1
3
= 1,6667
𝑥2
(2)
=
4 − 𝑥1
(1) − 2𝑥3
(1)
4
=
4 − 2,3333 − 2 ∙ 1
4
= −0,0833
𝑥3
(2)
=
5 − 0𝑥1
(1) − 2𝑥2
(1)
5
=
5 − 0 ∙ 2,3333 − 2 ∙ 1
5
= 0,6000
𝑑𝑟
(2)
=
𝑑(2)
max
1≤𝑖≤3
|𝑥𝑖
(2)
|
= 0,6499.
𝑘 = 3
{
  
 
  
 𝑥1
(3)
=
7 − 𝑥2
(2) − 𝑥3
(2)
3
=
7 − (−0,0833) − 0,6
3
= 2,1611
𝑥2
(3)
=
4 − 𝑥1
(2) − 2𝑥3
(2)
4
=
4 − 1,6667 − 2 ∙ 0,6
4
= 0,2833
𝑥3
(3)
=
5− 0𝑥1
(2) − 2𝑥2
(2)
5
=
5 − 0 ∙ 1,6667 − 2 ∙ (−0,0833)
5
= 1,0333
𝑑𝑟
(2)
=
𝑑(2)
max
1≤𝑖≤3
|𝑥𝑖
(2)
|
= 0,2287 .
0,3
𝑥 = (
2,1611
0,2833
1,0333
)
𝐴𝑥 = 𝑏 𝑛 𝑎𝑖𝑖 ≠ 0 𝛼𝑘 =
∑
|𝑎𝑘𝑗|
|𝑎𝑘𝑘|
 .𝑛𝑗=1
𝑗≠𝑘
 𝛼𝑘 < 1 𝑘 ∈ ℕ 1 ≤ 𝑘 ≤ 𝑛
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𝑥𝑖
(𝑘)
, 𝑥1
(𝑘)
, 𝑥2
(𝑘)
, … , 𝑥𝑖−1
(𝑘)
{
 
 
 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛
𝑎𝑖𝑖 ≠ 0 𝑖 = 1,2,3, … , 𝑛
𝑥(0)
{
 
 
 
 
 
 
 
     𝑥1
(𝑘)
=
1
𝑎11
(𝑏1 − 𝑎12𝑥2
(𝑘−1) − 𝑎13𝑥3
(𝑘−1) −⋯− 𝑎1𝑛𝑥𝑛
(𝑘−1)
𝑥2
(𝑘)
=
1
𝑎22
(𝑏2 − 𝑎21𝑥1
(𝑘) − 𝑎23𝑥3
(𝑘−1) −⋯− 𝑎2𝑛𝑥𝑛
(𝑘−1)
              𝑥3
(𝑘)
=
1
𝑎33
(𝑏3 − 𝑎31𝑥1
(𝑘) − 𝑎32𝑥2
(𝑘) − 𝑎34𝑥4
(𝑘−1)
…− 𝑎3𝑛𝑥𝑛
(𝑘−1)
⋮
              𝑥𝑛
(𝑘)
=
1
𝑎𝑛𝑛
(𝑏𝑛 − 𝑎𝑛1𝑥1
(𝑘) − 𝑎𝑛2𝑥2
(𝑘) − 𝑎𝑛3𝑥3
(𝑘)…− 𝑎𝑛 𝑛−1 𝑥𝑛−1
(𝑘) .
{
5𝑥1 +    𝑥2 +   𝑥3 = 5
3𝑥1 + 4𝑥2 +   𝑥3 = 6
3𝑥1 + 3𝑥2 + 6𝑥3 = 0
0,05
𝑥(0) = (
0
0
0
)
{
 
 
 
 𝑥1 =
5 − 𝑥2 − 𝑥3
5
𝑥2 =
6− 3𝑥1 − 𝑥3
4
𝑥3 =
0 − 3𝑥1 − 3𝑥2
6
.
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{
  
 
  
 𝑥1
(𝑘)
=
5 − 𝑥2
(𝑘−1) − 𝑥3
(𝑘−1)
5
𝑥2
(𝑘)
=
6 − 3𝑥1
(𝑘) − 𝑥3
(𝑘−1)
4
𝑥3
(𝑘)
=
0 − 3𝑥1
(𝑘) − 3𝑥2
(𝑘)
6
.
 
𝑘 = 1
{
  
 
  
 𝑥1
(1) =
5 − 𝑥2
(0) − 𝑥3
(0)
5
=
5 − 0 − 0
5
= 1
𝑥2
(1) =
6− 3𝑥1
(1) − 𝑥3
(0)
3
=
6 − 3 ∙ 1 − 0
4
= 0,75
𝑥3
(1) =
0 − 3𝑥1
(1) − 3𝑥2
(1)
6
=
0 − 3 ∙ 1 − 3 ∙ 0,75
6
= −0,875
𝑑𝑟
(1)
=
𝑑(1)
max
1≤𝑖≤3
|𝑥𝑖
(1)
|
= 1.
𝑘 = 2
{
  
 
  
 𝑥1
(2) =
5 − 𝑥2
(1) − 𝑥3
(1)
5
=
5 − 0,75 − (−0,875)
5
= 1,025
𝑥2
(2) =
6 − 3𝑥1
(2) − 𝑥3
(1)
3
=
6 − 3 ∙ 1,025 − (−0,875)
4
= 0,95
𝑥3
(2) =
0 − 3𝑥1
(2) − 3𝑥2
(2)
6
=
0 − 3 ∙ 1,025 − 3 ∙ 0,95
6
= −0,9875
𝑑𝑟
(1)
=
𝑑(1)
max
1≤𝑖≤3
|𝑥𝑖
(1)
|
= 0,1951.
𝑘 = 3
{
  
 
  
 𝑥1
(3) =
5 − 𝑥2
(2) − 𝑥3
(2)
5
=
5 − 0,95 − (−0,9875)
5
= 1,0075
𝑥2
(3) =
6− 3𝑥1
(3) − 𝑥3
(2)
3
=
6 − 3 ∙ 1,0075 − (−0,9875)
4
= 0,9912
𝑥3
(3) =
0 − 3𝑥1
(3) − 3𝑥2
(3)
6
=
0 − 3 ∙ 1,0075 − 3 ∙ 0,9912
6
= −0,9993
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𝑑𝑟
(1)
=
𝑑(1)
max
1≤𝑖≤3
|𝑥𝑖
(1)
|
= 0,0409 .
0,05
𝑥 = (
   1,0075
   0,9912
−0,9993
)
𝑥(𝑘) = 𝐶𝑥(𝑘−1) + 𝑔 𝐴
𝐴 = 𝐷(𝐿1 + 𝐼 + 𝑅1)
𝐿1 =
(
 
 
 
 
 
0 0 … 0
𝑎21
𝑎22
0 … 0
𝑎31
𝑎33
𝑎32
𝑎33
… 0
⋮ ⋮ ⋱ ⋮
𝑎𝑛1
𝑎𝑛𝑛
𝑎𝑛2
𝑎𝑛𝑛
… 0
)
 
 
 
 
 
,𝐷 = (
𝑎11 0 … 0
0 𝑎22 … 0
⋮ ⋮ ⋱ 0
0 0 … 𝑎𝑛𝑛
) 
𝑅1 =
(
 
 
 
0
𝑎12
𝑎11
𝑎13
𝑎11
…
𝑎1𝑛
𝑎11
0 0
𝑎23
𝑎22
…
𝑎2𝑛
𝑎22
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 … 0 )
 
 
 
  𝑒  𝐼 = (
1 0 … 0
0 1 … 0
⋮ ⋮ ⋱ 0
0 0 … 1
).
𝐴𝑥 = 𝑏 ↔  𝐷(𝐿1 + 𝐼 + 𝑅1)𝑥 = 𝑏 ↔  𝑥 = −𝐿1𝑥 − 𝑅1𝑥 + 𝐷
−1𝑏 .
𝑥(𝑘) = −𝐿1𝑥
(𝑘) − 𝑅1𝑥
(𝑘−1) +𝐷−1𝑏 .
𝑥(𝑘) + 𝐿1𝑥
(𝑘) = −𝑅1𝑥
(𝑘−1) +𝐷−1𝑏 ↔
(𝐼 + 𝐿1)𝑥
(𝑘) = −𝑅1𝑥
(𝑘−1) + 𝐷−1𝑏 ↔
𝑥(𝑘) = (𝐼 + 𝐿1)
−1(−𝑅1𝑥
(𝑘−1) +𝐷−1𝑏) ↔
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𝑥(𝑘) = −(𝐼 + 𝐿1)
−1𝑅1𝑥
(𝑘−1) + (𝐼 + 𝐿1)
−1𝐷−1𝑏 .
𝐶 = −(𝐼 + 𝐿1)
−1𝑅1 𝑔 = (𝐼 + 𝐿1)
−1𝐷−1𝑏
𝑥(𝑘) = 𝐶𝑥(𝑘−1) + 𝑔
𝐴𝑥 = 𝑏
𝛽1 =
|𝑎12| + |𝑎13| + ⋯+ |𝑎1𝑛|
|𝑎11|
𝛽𝑗 =
|𝑎𝑗1|𝛽1 + |𝑎𝑗2|𝛽2 +⋯+ |𝑎𝑗 𝑗−1|𝛽𝑗−1 + |𝑎𝑗 𝑗+1| + ⋯+ |𝑎𝑗 𝑛|
|𝑎𝑗𝑗|
.
𝛽𝑗 < 1 𝑗 ∈ ℕ 1 ≤ 𝑗 ≤ 𝑛
𝜋: 𝑎1𝑥1 + 𝑎2𝑥2 +⋯+ 𝑎𝑛𝑥𝑛 = 𝑏 𝑅
𝑛
𝑥1, 𝑥2, … , 𝑥𝑛 𝑎1, 𝑎2, … , 𝑎𝑛 , 𝑏 𝑝
′ 
𝑝 ∈ 𝑅𝑛 𝜋
𝑝′ = 𝑝 +
𝑏 − 〈𝑝,𝑚〉
‖𝑚‖2
𝑚 ,
𝑚 = (𝑎1, 𝑎2, … , 𝑎𝑛)
𝑡 〈𝑝,𝑚〉 𝑚 𝑝 ‖𝑚‖
𝑚 .
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𝑚 = (𝑎1, 𝑎2, … , 𝑎𝑛)
𝑡 𝜋 𝑝 =
(𝑝1, 𝑝2, … , 𝑝𝑛)
𝑡 𝑅𝑛 . 𝑘 ∈ 𝑅 𝑝′ = 𝑝 +
𝑘𝑚 𝜋
𝑝′ = 𝑝 + 𝑘𝑚 ↔
𝑝′ = (𝑝1
′ , 𝑝2
′ , … , 𝑝𝑛
′ ) = (𝑝1, 𝑝2, … , 𝑝𝑛) + 𝑘(𝑎1, 𝑎2, … , 𝑎𝑛) .
𝑝′ ∈ 𝜋 𝑎1𝑥1 + 𝑎2𝑥2 +⋯+
𝑎𝑛𝑥𝑛 = 𝑏
𝑎1(𝑝1 + 𝑘𝑎1) + 𝑎2(𝑝2 + 𝑘𝑎2) + ⋯+ 𝑎𝑛(𝑝𝑛 + 𝑘𝑎𝑛) = 𝑏 ↔
𝑎1𝑝1 + 𝑘𝑎1
2 + 𝑎2𝑝2 + 𝑘𝑎2
2 +⋯+ 𝑎𝑛𝑝𝑛 + 𝑘𝑎𝑛
2 = 𝑏 ↔
𝑘𝑎1
2 + 𝑘𝑎2
2 +⋯+ 𝑘𝑎𝑛
2 = 𝑏 − 𝑎1𝑝1 − 𝑎2𝑝2 −⋯− 𝑎𝑛𝑝𝑛 ↔
𝑘(𝑎1
2 + 𝑎2
2 +⋯+ 𝑎𝑛
2) = 𝑏 − 𝑎1𝑝1 − 𝑎2𝑝2 −⋯− 𝑎𝑛𝑝𝑛 ↔
𝑘 =
𝑏 − 𝑎1𝑝1 − 𝑎2𝑝2 −⋯− 𝑎𝑛𝑝𝑛
𝑎1
2 + 𝑎2
2 +⋯+ 𝑎𝑛2
 .
〈𝑝, 𝑚〉 = 𝑎1𝑝1 + 𝑎2𝑝2 +⋯+ 𝑎𝑛𝑝𝑛 ‖𝑚‖ = √𝑎1
2 + 𝑎2
2 +⋯+ 𝑎𝑛2
𝑝′ = 𝑝 +
𝑏 − 𝑎1𝑝1 − 𝑎2𝑝2 −⋯− 𝑎𝑛𝑝𝑛
𝑎1
2 + 𝑎2
2 +⋯+ 𝑎𝑛2
𝑚 = 𝑝 +
𝑏 − 〈𝑝,𝑚〉
‖𝑚‖2
𝑚 .
∎
𝐴𝑥 = 𝑏
𝑥(𝑘)
𝑥(𝑘−1) 𝑟
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𝑟 𝑘 𝑛 𝑟 𝑛
𝑘 𝑛
{
 
 
 
 
𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + 𝑎23𝑥3 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2
𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 +⋯+ 𝑎3𝑛𝑥𝑛 = 𝑏3
…
   𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + 𝑎𝑛3𝑥3 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛  ,
 
𝑥(𝑘) = 𝑥(𝑘−1) +
𝑏𝑟 − 〈𝑥
(𝑘−1), 𝑚𝑟〉
‖𝑚𝑟‖2
𝑚𝑟  ,
𝑟 𝑘 𝑛 𝑟
𝑛 𝑘 𝑛 𝑚𝑟 = (𝑎𝑟 1, 𝑎𝑟 2, … , 𝑎𝑟 𝑛)
𝑡.
𝐴
𝐴𝑥 = 𝑏
{
3𝑥1 + 6𝑥2 = 12
−2𝑥1 + 3𝑥2 = 7
0,01
𝑥(0) = (
1
1
)
2 × 2 ,
𝑥(𝑘)
𝑥(𝑘−1) 𝑥(0) 
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𝑥(𝑘) 
𝑥(𝑘) = 𝑥(𝑘−1) +
𝑏𝑟 − 〈𝑥
(𝑘−1), 𝑚𝑟〉
‖𝑚𝑟‖2
𝑚𝑟  ,
𝑏1 = 12 𝑏2 = 7 𝑚1 = (3,6)
𝑇 𝑚2 = (−2,3)
𝑇
𝑘 𝑥1 𝑥2 𝑑𝑟
(𝑘)
0 1,0000 1,0000
1 1,2000 1,4000 0,2857
2   0,4000 2,6000 0,4615
3 0,0800 1,9600 0,3265
4 −0,1169 2,2554 0,1309
5 −0,1957 2,0978 0,0751
6 −0,2442 2,1706 0,0335
7 −0,2636 2,1318 0,0181
8 −0,2755 2,1497 0,0083
𝑘 = 8 0,01
𝑥 = (
−0,2755
   2,1497
)
{
𝑥1 + 2𝑥2 = 5
−4𝑥1 + 2𝑥2 = −10
0,01
𝑥(0) = (
1
1
)
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𝑘 𝑥1 𝑥2 𝑑𝑟
(𝑘)
0 1,0000 1,0000
1 1,4000 1,8000 0,4444
2 3,0000 1,0000 0,0533
3 3,0000 1,0000 0,0000
𝑘 = 3 0,01
𝑥 = (
3,0000
1,0000
)
𝑥1 + 2𝑥2 = 5 −4𝑥1 + 2𝑥2 = −10
{
11𝑥1 + 12𝑥2 = 34
𝑥1 + 12𝑥2 = 14
0,01
𝑥(0) = (
1
1
)
𝑘 𝑥1 𝑥2 𝑑𝑟
(𝑘)
0 1,0000 1,0000
1 1,4566 1,4981 0,3324
2 1,4191 1,0484 0,3168
3 1,6602 1,3114 0,1584
4 1,6368 1,0303 0,1717
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5 1,7876 1,1947 0,0920
6 1,7729 1,0189 0,0991
7 1,8672 1,1218 0,0550
8 1,8580 1,0118 0,0591
9 1,9170 1,0761 0,0335
10 1,9112 1,0074 0,0359
11 1,9481 1,0476 0,0206
12 1,9445 1,0046 0,0221
13 1,9675 1,0298 0,0127
14 1,9653 1,0029 0,0136
15 1,9797 1,0186 0,0079
0,01 𝑥 = (
1,9797
1,0186
)
46 
 
 
 
10−4
{
3𝑥1 − 1𝑥2 + 1𝑥3 = 1
3𝑥1 + 6𝑥2 + 2𝑥3 = 0
3𝑥1 + 3𝑥2 + 7𝑥3 = 4
𝑥(0) = (0 0 0)𝑇  .
∙ 𝟏𝟎−𝟑
{
10𝑥1 − 1𝑥2 + 2𝑥3 + 0𝑥4 = 6
−1𝑥1 + 11𝑥2 − 1𝑥3 + 3𝑥4 = 25
2𝑥1 − 1𝑥2 + 10𝑥3 − 1𝑥4 = −11
0𝑥1 + 3𝑥2 − 1𝑥3 + 8𝑥4 = 15
𝑥(0) = (0 0 0 0)𝑇 .
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∙ 𝟏𝟎−𝟑
{
 
 
 
 
  4𝑥1 + 1𝑥2 + 1𝑥3 + 0𝑥4 + 1𝑥5 = 6
−1𝑥1 − 3𝑥2 + 1𝑥3 + 1𝑥4 + 0𝑥5 = 6
   2𝑥1 + 1𝑥2 + 5𝑥3 − 1𝑥4 − 1𝑥5 = 6
−1𝑥1 − 1𝑥2 − 1𝑥3 + 4𝑥4 + 0𝑥5 =  6
   0𝑥1 + 2𝑥2 − 1𝑥3 + 1𝑥4 + 4𝑥5 = 6
𝑥(0) = (0 0 0 0 0)𝑇    .
∙ 𝟏𝟎−𝟑
{
 
 
 
 
  4𝑥1 − 1𝑥2 + 0𝑥3 − 1𝑥4 + 0𝑥5 + 0𝑥6 = 0
−1𝑥1 + 4𝑥2 − 1𝑥3 + 0𝑥4 − 1𝑥5 + 0𝑥6 = 5
   0𝑥1 − 1𝑥2 + 4𝑥3 + 0𝑥4 + 0𝑥5 − 1𝑥6 = 0
−1𝑥1 + 0𝑥2 + 0𝑥3 + 4𝑥4 − 1𝑥5 + 0𝑥6 =  6
      0𝑥1 − 1𝑥2 + 0𝑥3 − 1𝑥4 + 4𝑥5 − 1𝑥6 = −2
  0𝑥1 + 0𝑥2 − 1𝑥3 + 0𝑥4 − 1𝑥5 + 4𝑥6 = 6
𝑥(0) = (1 1 1 1 1 1)𝑇
∙ 𝟏𝟎−𝟑
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{
 
 
 
 
  0𝑥1 + 1𝑥2 + 1𝑥3 + 1𝑥4 + 1𝑥5 = 6
1𝑥1 + 0𝑥2 + 1𝑥3 + 1𝑥4 + 1𝑥5 = 6
   1𝑥1 + 1𝑥2 + 0𝑥3 + 1𝑥4 + 1𝑥5 = 6
1𝑥1 + 1𝑥2 + 1𝑥3 + 0𝑥4 + 1𝑥5 =  6
   1𝑥1 + 1𝑥2 + 1𝑥3 + 1𝑥4 + 0𝑥5 = 6
𝑥(0) = (0 0 0 0 0)𝑇  .
∙ 𝟏𝟎−𝟑
10−7.
∙ 𝟏𝟎−𝟔) 
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∙ 𝟏𝟎−𝟔)
∙ 𝟏𝟎−𝟔)
∙ 𝟏𝟎−𝟔)
∙ 𝟏𝟎−𝟔)
∙ 𝟏𝟎−𝟔)
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∙ 𝟏𝟎−𝟔)
∙ 𝟏𝟎−𝟔)
∙ 𝟏𝟎−𝟔)
∙ 𝟏𝟎−𝟔)
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𝑥(𝑘)
𝑥(𝑘−1)
𝑥(𝑘)
52 
 
 
 
53 
 
 
 
{
3𝑥1 + 2𝑥2 + 3𝑥3 + 4𝑥4 = 12
−2𝑥1 + 3𝑥2 + 1𝑥3 + 3𝑥4 = 5
3𝑥1 + 4𝑥2 + 4𝑥3 + 4𝑥4 = 15
2𝑥1 + 1𝑥2 − 5𝑥3 − 5𝑥4 = −7.
𝐴1 𝐸4
𝐴6 = 𝐴1 𝐴6 𝐵6
𝐸6
𝐴7 = 𝐴2 − ($𝐴$2/$𝐴$1) ∗ 𝐴1
𝐴8 = 𝐴3 − ($𝐴$3/$𝐴$1) ∗ 𝐴1
𝐴9 = 𝐴4 − ($𝐴$4/$𝐴$1) ∗ 𝐴1
𝐴7 𝐴9 𝐵7 𝐸9
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𝐴11 = 𝐴6 𝐴11 𝐵11
𝐸12
𝐴13 = 𝐴8 − ($𝐵$8/$𝐵$7) ∗ 𝐴7 
𝐴14 = 𝐴9 − ($𝐵$9/$𝐵$7) ∗ 𝐴7
𝐴13 𝐴14 𝐵13 𝐵14
𝐴16 = 𝐴11 𝐴16 
𝐵16 𝐸18
𝐴19 = 𝐴14 − ($𝐶$14/$𝐶$13) ∗ 𝐴13  
𝐴19 𝐵19 𝐸19
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𝐸21 = (𝐸16 − 𝐷16 − 𝐶16 − 𝐵16)/𝐴16
𝐸22 = (𝐸17 − 𝐷17 − 𝐶17)/𝐵17 
𝐸23 = (𝐸18 − 𝐷18)/𝐶18
𝐸23 = 𝐸19/𝐷19
𝐸21 𝐸23
𝐴1 𝐸4
56 
 
 
 
𝑖 𝑥𝑖
{
𝑥1 = 𝑥2 + 𝑥5 + 𝑥4    (𝑐𝑟𝑢𝑧𝑎𝑚𝑒𝑛𝑡𝑜 𝐴)
𝑥2 + 𝑥3 = 𝑥6             (𝑐𝑟𝑢𝑧𝑎𝑚𝑒𝑛𝑡𝑜 𝐵)
𝑥4 + 𝑥8 = 𝑥7             (𝑐𝑟𝑢𝑧𝑎𝑚𝑒𝑛𝑡𝑜 𝐶)
𝑥5 + 𝑥6 = 𝑥8 + 𝑥9    (𝑐𝑟𝑢𝑧𝑎𝑚𝑒𝑛𝑡𝑜 𝐷)
{
50 = 𝑥2 + 𝑥5 + 23
𝑥2 + 15 = 25 
23 + 𝑥8 = 𝑥7
𝑥5 + 25 = 𝑥8 + 34
{
𝑥2 + 𝑥5 + 0𝑥7 + 0𝑥8 = 27
𝑥2 + 0𝑥5 + 0𝑥7 + 0𝑥8 = 10 
0𝑥2 + 0𝑥5 − 𝑥7 + 𝑥8 = −23
0𝑥2 + 𝑥5 + 0𝑥7 − 𝑥8 = 9
(𝑥2, 𝑥5, 𝑥7, 𝑥8) = (10,17,31,8)
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𝑥1 𝑥2
𝑥3 𝑥4
100𝑔
{
 
 
36𝑥1 + 51𝑥2 + 13𝑥3 + 8𝑥4 = 33   (𝑃𝑟𝑜𝑡𝑒í𝑛𝑎)
52𝑥1 + 34𝑥2 + 74𝑥3 + 1,9𝑥4 = 45   (𝐶𝑎𝑟𝑏𝑜𝑖𝑑𝑟𝑎𝑡𝑜)
0𝑥1 + 7𝑥2 + 1,1𝑥3 + 4,8𝑥4 = 3   (𝐺𝑜𝑟𝑑𝑢𝑟𝑎)
1,26𝑥1 + 0,19𝑥2 + 0,8𝑥3 + 0,35𝑥4 = 0,8   (𝐶á𝑙𝑐𝑖𝑜)
(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (0,427 ; 0,269 ; 0,178 ; 0,190)
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